In this paper, a novel, simple, and constructive method is presented to find the generalized perturbation (n, M )-fold Darboux transformations (DTs) of the modified nonlinear Schrödinger (MNLS) equation in terms of fractional forms of determinants. In particular, we apply the generalized perturbation (1, N − 1)-fold DTs to find its explicit multi-rogue wave solutions. The wave structures of these rogue wave solutions of the MNLS equation are discussed in detail for different parameters, which display abundant interesting wave structures including the triangle and pentagon, etc. and may be useful to study the physical mechanism of multi-rogue waves in optics. The dynamical behaviors of these multi-rogue wave solutions are illustrated using numerical simulations. The same Darboux matrix can also be used to investigate the Gerjikov-Ivanov equation such that its multirogue wave solutions and their wave structures are also found. The method can also be extended to find multi-rogue wave solutions of other nonlinear integrable equations.
I. INTRODUCTION
In general, it is difficult to directly seek for exact solutions including solitons of nonlinear wave equations in the soliton theory and integrable system. If one can find a proper Lax pair [1] of a nonlinear wave equation, then, based on its Lax pair, one may find its solutions by means of some transformations such as the inverse scattering transformation [2] [3] [4] , the Riemann-Hilbert scattering method [5] , the Darboux transformation [6] [7] [8] , and so on. The Darboux transformation [6] [7] [8] is regarded as a powerful approach to study solutions of nonlinear integrable systems in terms of their corresponding Lax pairs, which originally arising from Darboux's study [9] of the linear Sturm-Liouville equation, ψ xx + [λ − u(x)]ψ = 0, which is also called the linear Schrödinger equation with the external potential in quantum mechanism. Up to now, the Darboux transformation has been used to investigate many types of solutions of nonlinear integrable equations including multi-soliton solutions, breathers, periodic solutions, and rational solutions.
In fact, the Darboux transformation exhibits the different forms in the studying nonlinear integrable sysytems, in which the following three main types of Darboux transformations were usually used: Type i) the Darboux transformation without the Darboux matrix (see, e.g., Ref. [10] ); Type ii) the Darboux transformation with the iteration Darboux matrix (see , e.g., Ref. [6] ); Type iii) the Darboux transformation with the N -order Darboux matrix whose elements being the polynomials of the spectral parameters (see, e.g., Refs. [7, 8] ).
Recently, the modified Darboux transformation related to Type i) was used to find multi-rogue wave solutions of the self-focusing nonlinear Schödinger (NLS) equation from the initial plane wave solution [11] . Moreover, the generalized Darboux transformation related to Type ii) with the initial plane wave solution was also used to investigate multirogue wave solutions of the self-focusing NLS equation [12] . In fact, there exist some other methods to study rogue wave solutions of many nonlinear wave equations with constant or varying coefficients (see, e.g., [13] [14] [15] [16] [17] ). It is still an important topic to present more powerful and simple methods to find other types of solutions including multi-rogue wave solutions of nonlinear integrable equations.
To our best knowledge, the Type iii) of Darboux transformations and their some extensions were not used to investigate other types of solutions (e.g., multi-rogue wave solutions) of integrable equations except for their multisoliton-type solutions. In this paper, we will present a novel approach to construct the generalized perturbation (n, M )-fold Darboux transformation of nonlinear integrable equations based on their Type iii) of Darboux transformations and the Darboux matrix in terms of the Taylor series expansion for the parameter and a limit procedure such that their multi-rogue wave solutions can be obtained.
The modified nonlinear Schrödinger (MNLS) equation with the self-steepening term is given by in the form iq t + q xx + i(|q| 2 q) x + 2ρ|q| 2 q = 0,
where q ≡ q(x, t) is the slowly varying complex envelope of the wave, ρ is a real constant and i 2 = −1, the subscript numerically [32] [33] [34] [35] . Recently, some rogue wave solutions of the derivative NLS equation have been investigated [36] .
In this paper, we will further investigate multi-rogue wave solutions of Eq. (1) via the generalized perturbation (n, M )-fold Darboux transformation technique, which is a novel, simple, and constructive method. Moreover, this method with the same formal Darboux matrix can also be applied to investigate multi-rogue wave solutions of the Gerjikov-Ivanov equation [37] iq t + q xx − iq 2 q * x + 1 2 |q| 4 q = 0.
The rest of this paper is organized as follows. In Sec.II, we will give a brief introduction of type iii) of N -fold DT for
Eq. (1) based on the Lax pair in Ref. [28] . In Sec. III, we present a novel idea to derive the generalized perturbation (1, N − 1)-fold (using one spectral parameter) and (n, M )-fold (using n spectral parameters) Darboux transformations for the MNLS equation (1) by means of the Taylor expansion and a limit procedure related to the N -fold Darboux matrix. In particular, the generalized perturbation (1, N − 1)-fold Darboux transformation is used to exhibit its multi-rogue wave solutions. Moreover we analyze the wave structures and dynamical behaviors of the multi-rogue wave solutions for differential parameters using the numerical simulations. In Sec. IV, we illustrate the multi-rogue wave solutions of the Gerjikov-Ivanov equation equation (2) in terms of its generalized perturbation (1, N − 1)-fold Darboux transformation. Finally, we will address the conclusions in Sec.V.
II. THE N -FOLD DARBOUX TRANSFORMATION
In the following we firstly give the N -fold Darboux transformation of Eq. (1) in order to present our main aim, i.e., its generalized perturbation (n, M )-fold Darboux transformation presented in Sec. III. The modified NLS equation (1) is just a zero-curvature equation
and two 2 × 2 matrixes U and V satisfying the linear iso-spectral problem (Lax pair) [28] 
where ϕ = ϕ(x, t) = (φ(x, t), ψ(x, t)) T is the complex eigenfunction, λ ∈ C is the spectral parameter, q = q(x, t) denotes the complex potential and is also the solution of Eq. (1), the subscript denotes the partial derivative with respect to the variables x, t, and the star stands for the complex conjugate of the corresponding variables.
In what follows, we introduce the gauge transformation
where ϕ = (φ, ψ) T satisfies the Lax pair (3) and (4), T is a 2 × 2 Darboux matrix to be determined later, ϕ = ϕ(x, t) = ( φ(x, t), ψ(x, t)) T is required to satisfy the same formal Lax pair (3) and (4) with U and V replaced by U and V , that is,
with the complex functions A (2j) and B (j+1) (j = 0, 1, ..., N − 1) solving the linear algebraic system
where
is a solution of the spectral problem (3) and (4) for the given spectral parameters λ k and the initial solution q 0 . The spectral parameters λ k (λ i = λ j , i = j, i = 1, 2, ..., N ) are some different parameters suitably chosen such that the determinant of coefficients of Eqs. (11) and (12) for the 2N variables A (2j) , B (2j+1) (j = 0, 1, ..., N − 1) are non-zero. It can be shown that ±λ k , ±λ * k (k = 1, 2, ..., N ) are the 4N roots of detT (λ) = 0 in terms of Eqs. (11) and (12), i.e.,
The substitution of Eq. (10) into Eqs. (8a) and (8b) with the conditions (11) and (12) yields the following theorem for the N -fold Darboux transformation of Eq. (1). Theorem 1. Let ϕ 1 (λ 1 ), ϕ 2 (λ 2 ), ..., ϕ N (λ N ) be N distinct column vector solutions of the corresponding spectral problem (3) and (4) for the spectral parameters λ 1 , λ 2 , ..., λ N and the initial solution q 0 (x, t) of Eq. (1), respectively, then the N -fold Darboux transformation of Eq. (1) is given by
with
and ∆B (2N −1) is given by the determinant ∆ N by replacing its (N + 1)-th column by the column vector (−λ
Notice that when ρ = 0, the DT (14) reduces to the DT of the derivative NLS equation, which differs from the known DT [37, 38] . The N -fold Darboux transformation with the initial solution q 0 = 0 (or q 0 is an initial plane wave solution) can be used to seek for multi-soliton solutions (or breather solutions) of Eq. (1). This is not the main aim of our paper. Our aim is to extend the N -fold DT to generate the generalized perturbation (n, M )-fold DT such that multi-rogue wave solutions of Eq. (1) are found in terms of determinants.
In the next sections, we will discuss the generalized perturbation (n, M )-fold DT and multi-rogue wave solutions of Eqs. (1) and (2) through the Taylor expansion and a limit procedure.
III. GENERALIZED PERTURBATION (n, M )-FOLD DARBOUX TRANSFORMATIONS AND MULTI-ROGUE WAVE SOLUTIONS
In the following we first choose Eq. (1) as an example to investigate the 'novel' generalized perturbation (n, M )-fold DTs in applications of nonlinear integrable equations. In fact, this idea can also be extended to other nonlinear integrable equations and is different from the known ones [11, 12] .
Nowadays, to study other types of solutions of Eq.
(1) such as multi-rogue wave solutions, we need to change some functions A (2j) and B (2j−1) (j = 0, 1, ..., N − 1) in the above-mentioned Darboux matrix T given by Eq. (10) and initial solution q 0 such that we may obtain other types of solutions of Eq. (1) in terms of some generalized DTs.
Here we still consider the Darboux matrix (10), but we only consider one spectral parameter λ = λ 1 not N (N > 1) distinct spectral parameters λ = λ k (k = 1, 2, ..., N ), in which the condition T (λ 1 )ϕ(λ 1 ) = 0 leads to the linear algebraic system with only two equations   λ
T is a solution of the linear spectral problem (3) and (4) with the one spectral parameter λ = λ 1 and the initial solution q 0 (x, t) of Eq. (1).
For the two linear algebraic equations (15) and (16) and B (2j+1) , in which we may determine them. If we can determine these 2N functions A (2j) and B (2j+1) , then we may obtain 'new' solutions of equation (1) in terms of the Draboux transformation.
Now we start from Eqs. (15) and (16) 
..), and
where T (2k−1) (λ 1 ) and T (2k) (λ 1 ) are given by
Therefore, it follows from Eqs. (17) and (18) that we obtain
Since we know that
, Eqs. (15) and (16)), thus we have
we can have two algebraic equations for unknown functions A (2j) and B (2j+1) , thus we choose s = 0, 1, ..., N − 1 to generate 2N algebraic equations for these 2N unknown functions A (2j) and B (2j+1) (j = 0, 1, ..., N − 1), i.e.,
in which the first vector system, i.e., T , so we can derive the 'new' DT with the same eigenvalue λ = λ 1 . Here we call Eqs. (14) and (5) 
is by solving the linear algebraic system (23) in terms of the Cramer's rule, i.e.,
and 
Notice that in the name of the generalized perturbation (1, N − 1)-fold DT, the number 1 means that we use the number of the distinct spectral parameters and N − 1 means that the sum of the orders of the highest derivative of the Darboux matrix T in system (23) or the vector eigenfunction ϕ for the used distinct spectral parameters in Eq. (22) .
B. Generalized perturbation (n, M )-fold Darboux transformation method
In fact, we can also further extend the above-found generalized perturbation (1, N −1)-fold DT, in which we only use one spectral parameter λ = λ 1 and its m 1 th-order perturbation derivatives of T (λ 1 ) and ϕ(λ 1 ) with m 1 = 1, 2, ..., N −1.
Here we further extend to use n distinct spectral parameters λ i (i = 1, 2, ..., n) and their corresponding highest order m i (m i = 0, 1, 2, ...) perturbation derivatives, where these non-negative integers n, m i are required to satisfy
where N is the same as one in the Darboux matrix T (10). We consider the Darboux matrix (10) and the eigenfunctions ϕ i (λ i ) (i = 1, 2, ..., n) are the solutions of the linear spectral problem (3)-(4) for the spectral parameter λ i and initial solution q 0 of Eq. (1). Thus we have
where ϕ
, and ε is a small parameter.
It follows from Eq. (28) and
with i = 1, 2, ..., n and k i = 0, 1, ..., m i that we obtain the linear algebraic system with the 2N equations (N = n + n i=1 m i = n + M ):
i = 1, 2, ..., n, in which we have some first systems for every index i, i.e.,
are just some ones in system (23), but they are different if there exist at least one index m i = 0.
T (i = 1, 2, ..., n) be column vector solutions of the spectral problem (3) and (4) for the spectral parameters λ i (i = 1, 2, ..., n) and the same initial solution q 0 (x, t) of Eq. (1), respectively, then the generalized perturbation (n, M )-fold DT of Eq. (1) is given by
being defined by solving the linear algebraic system (30) in terms of the Cramer's rule,
and ∆
.., n) being given by the following formulae:
and
Notice that when n = 1 and m 1 = N −1, Theorem 3 reduces to the Theorem 2; when n = N and m i = 0, 1 ≤ i ≤ N , Theorem 3 reduces to Theorem 1. In the following we will use the generalized perturbation (1, N − 1)-fold Darboux transformation to investigate multi-rogue wave solutions of the MNLS equation (1) from the initial plane wave solution.
C. Multi-rogue wave solutions and parameters controlling
In this section, we give some multi-rogue wave solutions in terms of determinants, which is different from Ref. [12] , of Eq. (1) by means of the generalized perturbation (1, N − 1)-fold DT. We now consider the 'seed' plane wave solution
where a and c = 0 are real-valued constants, a is the wave number, and c is the amplitude of the plane wave. It is known that the phase velocity is (a + c 2 − 2ρc 2 /a), the group velocity is 2a + c 2 , and |q 0 (x, t)| → |c| = 0 as |x|, |t| → ∞.
The substitution of the plane wave solution q 0 (x, t) into the Lax pair (3) and (4) yields their solution for the spectral parameter λ as follows:
.., N ) are real free parameters and ε is a small parameter.
Nowadays, we fix the spectral parameter λ = λ 1 + ε 2 with
in Eq. i, to simplify our calculation process. Therefore, we obtain
and (
By means of Eqs. (5), (14), and (37), we can derive new solutions of Eq. (1) as follows:
It is worth pointing out that we re-derive the seed solution q 1 (x, t) = −ce 
For example, we give the simplification forms of solution (41):
Case Ia. For a = −1, c = 1, ρ = 2, we have the solution
Case Ib. For a = −1, c = 1, ρ = 0, we have the solution
whose wave profiles are exhibited in Fig. 1 . Case II. When N = 3, according to Theorem 2, we have the second-order rogue wave solution of Eq. (1)
where With the aid of symbolic computation, we know that the second-order solution (44) can explicitly be given from Eqs. (44) and (39) with Eqs. (45)- (47), but it is of the long expression about x, t and parameters a, c, ρ, b 1 and d 1 .
Here we give its explicit expressions for some special parameters: 
The second-order rogue wave solution profile is displayed in Fig. 2(a) and (c).
Case IIb. For another parameters a = −1, c = 1, ρ = 2 and b 1 = d 1 = 0, we have the second-order rogue wave of Eq. (1) 
The second-order rogue wave solution profile is displayed in Figs. 
2(b) and 2(d).
In fact, the parameters b 1 and d 1 in solution (44) can be used to split the second-order rogue wave (44) into three first-order rogue waves, whose center points make the triangle exhibited in Fig. 3 . In fact, we find that the sides of this triangle become bigger and bigger as |b 1 | and |d 1 | increase from zero and the parameter d 1 can also control the rotation of the rogue wave profile (see Figs. 3(b) and 3(d) ).
Case III. When N = 4, according to Theorem 2, we have the third-order rogue wave solution of Eq. (1)
∂x − 2iρB (7) .
with 
• When the parameters b 1 = 10 3 , −10
, the weak interaction of the third-order rogue wave is splitted into six first-order rogue waves, and they array a triangle structure (see Fig. 5 ).
• When the parameters b 2 = 10 4 , −10
, the weak interaction of the third-order rogue wave is also splitted into six first-order rogue waves, but they array a pentagon structure with a first-order rogue wave being almost located in the center of the pentagon structure (see Fig. 6 ).
• If we choose one non-zero parameter from two families {b 1 , d 1 } and {b 2 , d 2 }, respectively, then the third-order rogue wave solution (55) displays the different structures (see Fig. 7 ).
D. Dynamical behaviors of multi-rogue wave solutions
To further illustrate the wave propagations of some above-obtained rogue wave solutions, we here consider the dynamical behaviors of these rogue wave solutions of Eq. (1) by comparing these obtained exact multi-rogue wave solutions (e.g., first-order, second-order, and third-order rogue wave solutions) of Eq. (1) with their time evolutions using them as initial conditions with or without a small noise via numerical simulations.
Case 1 The first-order rogue waves. For two families of parameters {a = −1, c = 1, ρ = 0} and {a = −1, c = 1, ρ = 2}, Fig. 8 and 9 exhibit the exact first-order rogue wave solution (42) of Eq. (1), time evolutions of rogue wave of Eq. (1) using exact solution (42) and exact solution (42) perturbated by a small noise (2% and 1% for Fig. 8(c) and 9(c), respectively) as the initial conditions, respectively. It follows from Fig. 8(a,b) and 9(a,b) that the profiles of time evolutions of rogue waves of Eq. (1) without a noise are agree with ones of the corresponding exact rogue wave solutions. Fig. 8(c) displays that the wave profile exhibits the almost stable propagation, except for some oscillations when time approaches to 3. Fig. 9(c) illustrates no collapse-instead stable wave propagation, except for some oscillations in the wings of waves when time approaches to 0. 
IV. THE MULTI-ROGUE WAVE SOLUTIONS OF THE GERJIKOV-IVANOV EQUATION
A. The generalized perturbation (n, M )-fold Darboux transformation method
The Gerjikov-Ivanov equation (2) is just a zero-curvature equation
where ϕ = (φ, ψ) T is the complex eigenfunction, λ ∈ C is the spectral parameter, q = q(x, t) denotes the complex potential and is also the solution of Eq. (2), the subscript denotes the partial derivative with respect to the variables x, t, and the star stands for the complex conjugate of the corresponding variables. Similar to the MNLS equation (1), we choose the same Darboux matrix T given by Eq. (10) to consider the Darboux transformation of Eq. (2) such that we have the following theorem for the multi-soliton solutions and multi-rogue wave solutions of GI equation (2) . 1, 2, . .., n) be column vector solutions of the spectral problem (58) and (59) for the spectral parameters λ i (i = 1, 2, ..., n) and the same initial solution q 0 (x, t) of Eq. (2), respectively, then the generalized perturbation (n, M )-fold DT of Eq. (2) is given by
where is formed from the determinant ∆ ǫ(n) N by replacing its (N + 1)-th column by the column vector (b
j being given by Eq. (34) .
B. The multi-rogue wave solutions
In the following we give some multi-rogue wave solutions of Eq. (2) in terms of determinants by use of generalized perturbation (1, N − 1)-fold DT in Theorem 4. We consider the seed solution of Eq. (2) in the plane wave form
where a and c = 0 are real-valued constants, a is the wave number, and c is the amplitude of the plane wave. It is known that the phase velocity is (a+c 2 −c 4 /(2a)), the group velocity is 2a+c 2 , and |q 0 (x, t)| → |c| = 0 as |x|, |t| → ∞.
Substituting Eq. (61) into Eqs. (58) and (59), we can give the solution of Lax pair (58) and (59) with the spectral parameter λ as follows:
Next, we fix
for the special case a = 0, c = 2, we have λ = 1 + i + ε 2 for simplification, expanding the vector function ϕ(ε 2 ) in Eq. (62) at ε = 0, we obtain
, ϕ
, . . .
and (φ (i) , ψ (i) ) T (i = 2, 3) are listed in Appendix B.
For N = 1 we only deduce the trivial plane wave solution of Eq. (2). In the following we consider the multi-rogue wave solutions of Eq. (2) for N = 2, 3, 4.
Case I. For N = 2, we have first-rogue wave solution (60) of Eq. (2) with a = 0, c = 2:
whose wave profile is shown in Fig. 16 . This solution is the same as one in Ref. [39] .
Case II. For N = 3 we have the second-order rogue wave solutions of Eq. (2), which is complicated and omitted here. But we give its wave profiles for different parameters. In fact, the parameters b 1 and d 1 in the second-order rogue wave solution q 3 (x, t) can be used to split the second-order rogue wave into three first-order rogue waves, whose center points make the triangle exhibited in Figs. 17(b,d) . In fact, we find that the sides of this triangle become bigger and bigger as |b 1 | and |d 1 | increase from zero and the parameter d 1 can also control the rotation of the rogue wave profile (see Figs. 17(b,d) ).
Case III. For N = 4 and the given parameters a = 0, c = 2, other parameters b 1 , b 2 , d 1 , d 2 can make the third-order rogue wave become the different structures. Fig. 18 displays the the interaction of three-order rogue waves.
• When the parameters b 1 = b 2 = d 1 = d 2 = 0, the the interaction of the third-order rogue wave and their corresponding density graphs are shown in Figs. 18(a,d) .
• When the parameters b 1 = 10 3 , d 1 = b 2 = d 2 = 0, the interaction of the third-order rogue wave is split into six first-order rogue waves, and they array a triangle structure (see Figs. 18(b,e) ).
• When the parameters b 2 = 10 3 , b 1 = d 1 = d 2 = 0, the interaction of the third-order rogue wave is also split into six first-order rogue waves, but they array a pentagon structure with a first-order rogue wave being almost located in the center of the pentagon structure (see Figs. 18(c,f) ).
For other cases N > 4, we can also obtain the higher-order rogue wave solutions of Eq. (2), which display the abundant structures. Similar to Eq. (1), we can also illustrate the time evolutions of these solutions using numerical simulations, which are omitted here.
V. CONCLUSIONS
In conclusion, we have presented a novel, simple, and constructive method to find the generalized perturbation discussed in detail for the different parameters, which display abundant interesting wave structures including the triangle and pentagon, etc. and may be useful to study the physical mechanism of multi-rogue waves in optics.
Moreover, we study the time evolutions of these obtained multi-rogue wave solutions using numerical simulations.
For the MNLS equation, if we choose two different spectral parameters λ 1 = (3 + i)/5 and λ 2 = 2i, then the higher-order rogue waves can be degraded to lower-order rogue waves. It is still a problem to generate abundant wave structures by choosing more spectral parameters. In fact, the used method can also be extended to seek for multi-rogue wave solutions of other many nonlinear integrable equations such as the NLS equation, KP equation, AB system, AKNS hierarchy, which will be studied in another lecture.
